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On the set of n2+ n + 1 points of a projective plane, a set of ta2 + n -I- 1 permutations i
constructed with the property that any two are a Hamming distance 2n + 1 apart. Another set is 
constructed in which every pak are a Hamming distance not greater than 2n + 1 apart. Both 
sets are maximal with respect o the stated property. 
An equidistant permutation array, or EPA, is a set of permutations on a finite 
set, each pair of which have the same .:image at the same number of points; a 
maximal EPA is one which cannot be extended without spoiling this property. 
The first construction produces, from a projective plane of order n, a maximal 
EPA of n2 + n t- 1 permutations on the n2 + n + 1 points of the plane, each pair of 
which have the same image at n2- n points. In the notation of [I] this is a 
maximal A(n2+n+l, n2-n; n2+n+l). 
The second construction, also from a projective plane of order n, is of a 
maximal A(n2+n+l,a(n”- n); m) where the exact value of m will be described 
later. This permutation array contains yn permutations on the n2 + n + 1 points of 
the plane, each pair of which have the same image at not less than n: - n points. 
If two permutations on a set with G members have the same image at A points 
they are said to be a Hamming distance a -A apart. Distance here will always 
mean Hamming distance. If x has the same image under two permutations it will 
be said that they coincide at x. 
1, The maximal A(n2+n+1,n2-n;n2+n+1) 
Let 9 be the set of points in a projective plane w of order n, and for each line 
L of W, let pL be a permutation of 9 which moves every point of L and fixes 
every point of the plane not on L. Let A be a set of permutations like this, one 
for each iine of the plane. 
For ex;lmple : let n- be the projective plane of order 2 having points 
1,2,3,4,5,6,7 and lines (1,2,3}, {3,4, Yc}, {5,6,1}, {1,7,4), {3,7,6}, C&7,5}, 
(2,4,6}. The 3-cycle (123) moves each of the points on the first line and fixes each 
of the other four points of the plane. 
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Fig. 1. 
is a suitable set of permutations; this set can be used to construct the array in Fig. 
1, each permutation contributing one line. 
It can be easily seen that each pair of rows have exactly two common entries, 
so that this is an example of an A(7,2; 7). 
Theorent 1. JM is a maximal A(n2+n+l, n’--n; n’+n+l). 
Proof. Obviously any two permutations of A4 coincide on the n2 - n points not 
lying on the two lines used to define them, and they don’t coincide anywhere else. 
Let f be a permutation which it is proposed to add to & with the intention of 
forming a bigger set with the same equidistant property that & has. Suppose that 
f fixes (Y points of ti and moves n2 + n + 1 -a. 
If f fixes a point X, it coincides at x with the permutation pL if and only if x 
does not lie on the line L. As there are n2 lines on which x does not lie, f 
coincides at x with n2 permutations of JU. 
If f moves y, then f coincides at y with at most one permutation of J& the one 
pr_ that moves points on the line L joining y and f(y). 
Hence the total number of coincidences between f and members of d cannot 
be greater than 
n”cz!+(n2+n+l--cr). 
7” the -r’ \ - _L ,...r;r hand f coincides with each of the n2 + n + 1 permutations of A at 
exactly n’- n points. Hence 
(n2+n + l)(n2- n)Gn2ar+(n2+n+1-a!), 
an inequality which leads to 
n”-2n 
abn2-l+- 
n2-1 
and on to 
a>n2-1 
except when n = 2 and cx = 3. 
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Consider a line L of W. The permutation pL coincides with f at n* - n pointi:: 
hence, at most n* - n of the CY points fixed by f do not lie on L and the number of 
points of 6, fixed by f is greater than 
(rt2- I)-(n*- n)=n-1 
except possibly when n = 2 and cy = 3. However, if f moves a point x, it also 
moves f(x) so that it fixes at most n - 1 points on at least one line. This 
contradiction establishes that A is maximal except in the case that n = 2 and 
cy= 3. 
Suppose that II = 2 and ~1= 3. If the three fixed points of f form a triarqle, let L 
be the line of the plane not passing through any of the fixed points; then the three 
fixed points will also be fixed points of pL and f coincides with pL in at least three 
places, contrary to assumption. If the three fixed points lie on a line K, then f 
does not coincide with pK at any of the points of K; hence it does coincide with pK 
at two points not on K, a contradiction as pK fixes every point not on K. 
This proves Theorem 1. 
2. The maximal A(n*+n+l,a(n*-n); m) 
Let 9 be the set of points of a projective plane n of order n, let A1 be the set 
of all permutations of p which fix more than n* points and let A2 be the set of all 
permutations of 9 which fix at least the n* points not lying on some line of the 
plane. Put & = 4, UA2. 
Theorem 2. A is a maximal A(n2+n+1,a(n2-n);m) where 
n-1 
l+C ( n*+n+l m= ) Di+l+(n2+?t+1)Dn+l i= 1 n*+n+l-i 
where Di is the number of derangements of i symbols or the number of permutations 
on i symbols which have no fixed points. 
Proof. The first part of the proof shows that 4 is indeed an A(n* + n + 1, 3 
(n*- n), m)* 
First, a permutation from A1 fixes more than :12 points and one from Jcc2 fixes 
more than n*- 1; thus each coincides with the identity in at least n* - n places. 
A permutation from J& moves at most n points and one from A2 moves at 
most n+l. 
A permutation from J& and any permutation from JM thus fix in common at 
least 
n*+n+l-n-(n+l)=n*-n 
points. 
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If two non-identity permutations come from A, they fix at least n2 points if 
both move only points on the same line; if they move points on two lines they Cx 
at least the n2 - n points not on the union of the lines. 
This proves that A! is an A(n2+n+l,>(n2-n); m). 
The proof that A is maximal is similar in principle to the corresponding proof 
in thy f&t section. 
Let f be a permutation of !P which it is proposed to join to 4 without altering 
its distance property. Suppose that f fixes a points and moves n2 + n + 1 -a. 
If f fixes a point X, it fixes x in common with each of the permutations of A2 
which move points on one of the n2 lines not passing through 9! The number of 
permutations like this, excluding the identity, is 
n’((n + l)! - 1) 
If f moves a point x it has the same effect on x as do n! of the (n + l)! 
permutations of A2 which move points on the line joining x and f(x). 
Hence the number of times that f has the same effect as a permutation of 
A&--(l) is 
n2((n+1)!-l)a+n!(n2+n+1-ar) 
The set A2 - { 1) has ( n2 + n + l)((n + l)! - 1) members so that the assumption in 
the theorem implies that 
(n2+n+l)((n+1)!-l)(n2-n)S 
S n2((n f l)! - 1)a + n!(n2+ n + 1 -a). 
Now 
(n2+n+l)(n2- n)<(n2+n+l)n! 
and 
n2a 2 0. 
Hence the inequality in the last paragraph leads to 
(n2+n+l)((n2-n)(n+l)!-n!)s 
Gn2(n+l)!a+(n2+n+l-a)n! 
LCL 
(n2+n+l)((n2-n)(n+l)-1)s 
+n2(n+l)a+(n2+n+1-a)) 
and to 
,ns+n4-3n2-3n-2 
a- 
n3+n2-1 
= n2 _l+n3-n2 -3n-3 
n3+n2-1 ’ 
-Hence 
a%z2 
excep?. I xsibly when n =I 2 and a =z 3. 
Maximal sets of permutations constructed from projective planes 273 
On the other hand, &! contains every permutation of !P which ties more than 
n* points so that 
cyQZ*. 
Suppose cy = n* and f moves n + 1 points. As f is not a member of A2 these 
n + 1 points are not collinear. Let L be a line passing through two of them and let 
x be a point of L which is fixed by fi As there are n + 1 lines through x and one of 
them contains 2 points moved by f, one of them, say K, contains only points fixed 
by f. Let g be one of the permutations of JU* which moves every point of K and 
fixes every point not on K. The permutation f coincides WL g in at least n* - n 
points, none of which can lie on K. Hence f fixes a total of at least (n* - n) + 
(n + 1) = n* + 1 points, a contradiction. 
This proves that A is maximal except possibly when n = 2 and cy = 3. 
In this last case, let L be a line through 2 of the points fixed by f and let g be one 
of the permutations of A2 which fixes none of the points of L and fixes all of the 
points not on L. This permutation cannot coincide with f at any point of E so it 
must coincide with it in at least two points not on L. Thus f fixes these two points 
to give a total of at least 4 tied points, a contradiction. 
This proves Theorem 2. 
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